Abstract. We propose an asymptotically unbiased and consistent estimate of the bispectrum of a stationary continuous-time process X = {X(t)} t∈R . The estimate is constructed from observations obtained by a random sampling of the time by {X(τ k )} k∈Z , where {τ k } k∈Z is a sequence of real random variables, generated from a Poisson counting process. Moreover, we establish the asymptotic normality of the constructed estimate.
Introduction
The idea of constructing the Fourier transforms of high order cumulants was suggested by Kolmogorov, and polyspectra were introduced in [Shiryaev, 1962] . In [Brillinger, 1965] and [Brillinger and Rosenblatt, 1967] authors gave a comprehensive treatment of the theoretical properties of polyspectra, and have discussed also the estimation of polyspectra from sample records (these estimation procedures are based on a generalization of the window technique applied to products of the finite Fourier transform of the data). Bispectra was discussed in [Tukey, 1959] and [Akaike, 1966] , and an application of the bispectral analysis to the study of ocean waves is given in [Hasselmann et al., 1963] , to tides in [Cartwright, 1968] , and to turbulence in [Lii et al., 1976] and in [Helland et al., 1979] . These Fourier transforms -or rather, the Fourier transforms of the corresponding high order cumulants-are called polyspectra, and are defined formally as follows. Let {X(t)} t∈R be a weakly stationary process up to order k, and let the real number C (k) X (s 1 , s 2 , . . . , s k−1 ) denotes the joint cumulant of order k of the set of random variables {X(t), X(t+s 1 ), . . . , X(t+s k−1 )}, i.e. C (k) X (s 1 , s 2 , . . . , s k−1 ) is the coefficient of (z 1 , . . . , z k ) in the expansion of the cumulant generating function κ(z1, . . . , z k ) = ln (IE{exp (z1X(t) + z2X(t + s1) + · · · + z k X(t + s k−1 ))}) (note that, by the stationarity condition, C (k) The outstanding property of polyspectra is that all polyspectra of order higher than two vanish when {X(t)} t∈R is a Gaussian process. This follows immediately from the well known property that all joint cumulants of order higher than two vanish for multivariate gaussian distributions. Hence, the bispectrum, trispectrum, and all higher order polyspectra are identically zero if {X(t)} t∈R is Gaussian, and these higher order spectra may thus be regarded as measures of the departure of the process from Gaussianity. The main aim of this paper is then to construct an estimate of the bispectrum of continuous-time stochastic process from a random sampling and to study its asymptotic properties, namely its mean-square convergence and its asymptotic normality. In Section 2, we give some preliminaries on the time-sampling technique adopted here. Section 3 is concerned with the construction of the bispectrum estimate and the main results of its asymptotic properties. The last section is devoted to the proofs.
Preliminaries
Let X = {X(t)} t∈R be a 4th order stationary process, with mean zero and continuous integrable covariance function. From [Karr, 1991] , there exists a counting process N , independent of X, which is associated to a sequence {τ k } k∈Z of random variables taking their values in R. The process N is defined by: N (A, ω) = k∈Z 1 1 A for (A, ω) ∈ B R × Ω, where B R is the real borelean σ-algebra and N (A, ω) is the number of τ k 's belonging to A. We assume that, for every set A in B R , the random variable N (A) has a Poisson distribution P (Λ(A)), where Λ(A) = βµ(A) and µ is the Lebesgue measure on R and β denotes the mean intensity which is assumed to be known. We consider the sample process Z = {Z(t)} t∈R constructed from the sequence {X(τ n )} n∈N and the counting process N (t) as follows.
Definition 1
The sample process Z is defined by:
The process Z is also called increment-process and can be written as:
or in the differential representation: dZ(t) = X(t) dN (t), which proves that Z is a stationary process and that its covariance function R Z is such that:
Denote, respectively, by φ
X and φ
Z the spectral densities of the process X of the process X and the increment process Z. If R X and its Fourier transform FR X are absolutely integrable then φ (2) Z exists, is bounded, uniformly continuous and is given by
Thus, the estimate of φ
X can be deduced from the estimate of φ
Z and R X (0) (Cf [Lii and Helland, 1982] , [Lii and Masry, 1994] , [Monsan and Rachdi, 1999] and [Gallego and Ruiz, 2000] ).
3 Bispectrum estimation and its asymptotic properties Let us denote by φ X (u1, u2) = cum {X(u1 + t), X(u2 + t), X(t)} = IE {X(u1 + t) X(u2 + t) X(t)} , and dC
As in the previous section, using the independence between X and N , we establish a relationship between dC
thus, if we define by:
we can write
(1)
Equation (1) is the relationship which allows to estimate φ
X from discrete data as follows. Given the observations X(τ k )
, T > 0, where N (T ) is the number of points τ k falling in [0, T ], we estimate the bispectrum φ Assumptions 1
is a positive function such that:
, 2 where C and ε are two positive real numbers, and ||(u 1 , u 2 )|| 2 denotes the euclidean norm of (u 1 , u 2 ).
(iii) (b T ) T ∈R is a sequence of positive real numbers such that:
In order to construct φ
Z,T , we set:
where
In order to obtain a consistent estimate of φ (3) Z , we smooth I T by W T , which yields to:
where ω j = 2π j/T for j ∈ Z denotes the Fourier frequencies.
Assumptions 2 R X and C
X are absolutely integrable and for all k = 1, . . . , 5
Proposition 1 Let λ 1 , λ 2 , µ 1 and µ 2 be any real numbers, then
where O (1/T ) is uniform in λ 1 and λ 2 . Moreover, the covariance is
is the set of all permutations of {1, 2, 3} and ∆ T (λ) = sin(T λ/2)/(T λ/2).
Theorem 1 If both assumptions 1 and 2 are satisfied, then the bias and the covariance of φ
Z,T are given by
and lim
In order to estimate the function ψ, we propose the following estimate:
Then, the asymptotic behavior of this estimate is studied in the following proposition.
Proposition 2 Under Assumptions 1 and 2, we have
and cov{ ψT (λ),
For the term C
X (0, 0)β/(2π) 2 , we propose the following estimate:
for which the asymptotic properties are given in the following proposition.
Proposition 3 Under Assumptions 1 and 2, we have
Finally, in order to estimate the bispectrum of X, we propose the following estimate,
and its asymptotic properties are given in the following theorems.
Theorem 2 Under Assumptions 1 and 2, the bispectrum estimate defined by equation (4) is asymptotically mean square convergent. Moreover, its asymptotic integrated mean squared error is given by:
In the following theorem, we establish the asymptotic distribution of the bispectrum estimate.
Theorem 3 For an integer k ≥ 3, suppose that X is stationary up to order k and the kth order cumulant of X is absolutely integrable. Let (λ 1,1 , λ 2,1 ) , . . . , (λ 1,r , λ 2,r ) be r couples of real numbers. Then under assumptions of Theorem 2, the standardized variables
are jointly asymptotically normally distributed with mean 0 and covariances may be obtained easily from Theorem 1 and Propositions 2 and 3.
Proofs
In order to save space in this paper, the proofs of the previous results were summarized. For more details, the readers are advised to contact the authors. Proof of Proposition 1. Let us begin by computing the bias of I T . for this aim, by (2), we have that
where O(1/T ) is bounded uniformly in λ 1 and λ 2 , and where
To compute cov{ I T (λ 1 , λ 2 ), I T (µ 1 , µ 2 )}, we use the following property :
where the sum ν is extended over all the indecomposable partitions of {1, . . . , 2k}. Let α i = λ i for i = 1, 2, 3 and α i = µ i−3 for i = 3, 4, 5. Then
From [Brillinger, 1969] and (5), we get
where ν is an indecomposable partition, ν i is a subpartition such that |ν i | = |ν i | − 1 where |ν i | denotes the number of elements of ν i , and φ
is the spectral density of order |ν i | of Z. We have that D T and φ (νi) Z for |ν i | ≤ 6 are bounded, then the maximum order of magnitude of the quantity (6) is O T l−3 . That is, for l = 1 the order of magnitude is O(T −2 ), for l = 2 the order of magnitude is O(T −1 ) and for l = 3 the partitions are composed of the pairs {λ 1 , µ p(1) }, {λ 1 , µ p(2) }, {λ 1 , µ p(3) } where p ∈ S 3 , and if l > 3 then there exists a unique set in the partition and thus the cumulant vanish. Thus
Proof of Theorem 1. By some simple computations, from Proposition 1, we obtain
We have to study both series (7) and (8). In order to establish the asymptotic behavior of (7), we consider the finite sum (for M ∈ N)
where g denotes the function g(x, y) = φ
Z (x/b T + λ 1 , y/b T + λ 2 ). On the other hand, we have that: when A j , B j , h j and N j be real numbers such that A j ≤ B j , h j > 0 and N j = B j − A j /h j for j = 1, . . . , k, then
where |R| ≤ C k j=1 h j with C is a positive constant uniform in k. Thus, by applying (10), the term (9) becomes
On the other hand, the series (8) is less than
Z is bounded, W is absolutely integrable and b T → +∞, the result is obtained by a simple application of the dominated convergence theorem. Now, we are concerned with the consistency of φ (3) Z,T . For this, from Proposition 1, the general term of the covariance cov φ
which may be written as the sum of two terms and we have to study the asymptotic behavior of each one.
• The first term of (11) is:
Notice that this sum contains no more than (5 − l) variables, but that we consider these (5 − l) variables since at the end of the calculations we extend the sum to all the terms. Thus (12) may be written as
Moreover, by applying (10) to the general term of the sum (13), we get
where γ i ⊂ {λ 1 , λ 2 , λ 3 , −µ 1 , −µ 2 , −µ 3 } and η i ⊂ {u 1 , u 2 , u 3 , −v 1 , −v 2 , −v 3 } analogous to ν i element of the partition ν, S νi = x∈γi x, S ηi = x∈ηi x, and γ i ⊂ γ i such that |γ i | = |γ i | − 1, and η i is defined in a similar way. Remark that, if l > 3, the studied term vanishes since there exists an element of the partition which is a single set. But if l ≤ 3, the main terms are given for l = 3. We conclude that the first member of the general term is:
• The second term of (11) may be bounded by:
and as above, we apply (10) to W (x, y, −x − y)W (t, z, −t − z) , which leads to
Thus the second term behaves as o b 2 T /T . Since W is symmetric and absolutely integrable, the result is then obtained by a simple application of the dominated convergence theorem.
Proof of Proposition 2. From (10), we have by a classical calculation that
As W is absolutely integrable and ψ is bounded, the result (3) is obtained by a simple application of the dominated convergence theorem.
On the other hand, from (10), we have
Then likewise by the dominated convergence theorem, we obtain: To compute the cross-covariance of the estimate φ
X,T , we use the following properties:
cov{ ψT (λ), φ 
